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Abstract: We study fluctuations around the warped conifold supergravity solution of
Klebanov and Tseytlin [1], known to be dual to a cascading N = 1 gauge theory. Although
this supergravity background is not asymptotically AdS, corresponding to a non-conformal
field theory, it is possible to apply the usual methods of AdS/CFT duality to extract the
high energy behavior of field theory correlators by solving linearized equations of motion
for fluctuations around the background. We consider the Goldstone vector dual to the
anomalous R-symmetry current and compute its mass, which exactly matches the general
prediction of [14]. We find the high energy 2-point functions for the R-current and two
other vectors. As expected, the R-current 2-point function has a longitudinal part because
R-symmetry is broken. We also calculate the high energy 2-point function of the energy-
momentum tensor from fluctuations of modes in the graviton sector. This 2-point function
has a trace part corresponding to broken conformal symmetry.
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1. Introduction
A very important aspect of the gauge theory/supergravity correspondence [2, 3, 4] is that
it provides an explicit procedure for calculating the full quantum gauge theory correlation
functions by solving the equations of motion of classical supergravity. The classical su-
pergravity (SUGRA) action evaluated on the classical solutions of these equations is equal
to the gauge theory generating functional for connected correlation functions, with the
asymptotic boundary values of SUGRA fields proportional to the sources coupling to the
dual field theory operators [3, 4]. By taking functional derivatives of the SUGRA action
with respect to these boundary values, we obtain the corresponding field theory correla-
tors. Of course, the full nonlinear SUGRA equations of motion are generally too hard to
solve, but by deriving and solving linearized equations for fluctuations around a SUGRA
background we can extract at least the 2-point functions of the corresponding gauge theory
operators in the field theory dual to that background.
While the original gauge/gravity correspondence was formulated for N = 4 Super
Yang Mills (SYM) and its dual AdS5 × S5 background, in recent years some progress has
been achieved in finding new SUGRA backgrounds, dual to gauge theory models with fewer
supersymmetries and nontrivial RG flow [6, 7, 8, 1, 9, 10]. Such models are hoped to be
a step in the direction of finding the string duals of realistic gauge theories; indeed, there
is reason to believe that the warped deformed conifold background found in [9], as well
as the similar backgrounds of [10, 11], capture the correct topology of the string dual to
pure N = 1 SYM. The conifold is warped, corresponding to a running of the coupling;
deformed, corresponding to chiral symmetry breaking; and the metric in the infrared (IR)
is nonsingular, allowing one to derive the area law for the Wilson loop. Because of these
promising features, it is of interest to further investigate such models.
– 1 –
In a previous paper [20], we took a first step towards extending the program of comput-
ing field theory correlators from SUGRA fluctuations to one of these models, the cascading
N = 1 SUSY gauge theory and its SUGRA dual, the Klebanov-Strassler (KS) solution [9].
Using as an example the minimally coupled massless scalar, we developed a procedure for
extracting the high energy behavior of 2-point functions by solving fluctuation equations
around the ultraviolet (UV) limit of the KS solution, the Klebanov-Tseytlin (KT) solution
[1]. The KT metric develops a singularity in the IR, resolved in the full KS background,
but the UV behavior of correlators is insensitive to the details of singularity resolution.
Using the simple UV cutoff regularization method of [3], along with an effective IR cutoff
of the KT metric, we were able to obtain a sensible 2-point function for the dimension 4
operator dual to the minimal massless scalar.
In this paper, we use the method developed in [20] to calculate new correlation func-
tions from the KT background. In particular, we consider the SUGRA modes dual to
the gauge-theory R-current JRµ and the gauge theory energy-momentum tensor Tµν . By
solving the appropriate fluctuation equations, we are able to extract the leading high-
energy behavior of the 2-point functions 〈JRµ (k)JRν (−k)〉 and 〈Tµν(k)Tρσ(−k)〉. Because
R-symmetry and conformal symmetry are broken, these correlators are expected to have
longitudinal and trace parts, respectively, in addition to the transverse parts present in
CFT. Indeed, these parts are found. Because the operators JRµ and Tµν belong to the same
supermultiplet (the supercurrent), their 2-point functions should be related to each other
by supersymmetry Ward identities [18]. While we do not check these identities in detail,
the form of the correlators we find suggests that they are in fact satisfied.
An important feature of the KT solution that distinguishes it from, e.g., the RG
flow backgrounds investigated in [14]–[18] is that the KT metric is not asymptotically
AdS, meaning that the dual gauge theory is non-conformal at arbitrarily high energies.
As a result, the extreme UV behavior of correlation functions is nontrivial, and that is
indeed what we will be interested in. In contrast, the geometries studied in [14]–[18]
are asymptotically AdS in the UV; the breaking of conformal and R-symmetries are IR
phenomena, achieved by either adding relevant operators to the AdS Lagrangian, or turning
on VEVs of scalar fields. This fact gives our work a different character from that of [14]–[18].
The authors of those papers were concerned with the IR behavior of correlation functions,
since in the models they considered the UV behavior is conformal. They found that to
obtain a sensible IR behavior with the correct pole structure in momentum space, they
needed to go beyond the naive AdS cutoff regularization [15, 16] and develop a holographic
renormalization scheme [17, 18] (for a review, see [19]). This scheme involves adding
covariant counterterms to the regularized SUGRA action to cancel divergent contact terms.
In the UV, these counterterms do not change the qualitative behavior of “naive” 2-point
functions obtained by simply throwing out the contact terms, though they may renormalize
the numerical coefficients. Since in our paper we are concerned with the UV behavior
of correlators, and since holograhic renormalization does not qualitatively change that
behavior, we will not be careful about including these covariant counterterms. Moreover, in
one case of interest (the minimal massless scalar) we will argue that the numerical prefactor
is not renormalized. In general, though, one must include covariant counterterms to obtain
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the exact correlators1. Another feature of the present work is that unlike in [15, 16, 17, 18],
the fluctuation equations we derive are not exactly solvable, but we develop an iteration
and matching procedure that allows us to extract the leading high-energy behavior of the
correlators.
The plan of the paper is as follows. In Section 2 we review the KT solution. In section
3 we review the method developed in [20] for extracting 2-point functions from fluctuation
equations around the KT background. In section 4 we derive fluctuation equations for a
family of modes including the Goldstone vector dual to the R-current operator and use
our method to obtain the R-current, as well as other, 2-point functions. In Section 5 we
repeat this procedure for the graviton sector and compute the EM tensor 2-point function.
In section 6 we discuss our results and some open questions.
Before we proceed, let us establish notation. Whenever we are in Minkowski space, the
signature is (−,+, . . . ,+); we will not be too careful about distinguishing Minkowski from
Euclidean space. We will use Greek indices µ, ν . . . for flat 4-dimensional (Minkowski or
Euclidean) space, lowercase Latin indices i, j . . . for the 5-dimensional space of noncompact
dimensions (xµ, r) and uppercase Latin indices M,N . . . for the full 10-dimensional space.
The operator will denote the 4-dimensional flat space d’Alembertian, 10 the full 10-
dimensional Laplacian. h will always be used to denote the metric warp factor h(r); we
will often suppress the r-dependence.
2. The Klebanov-Tseytlin solution
In this section we review the KT solution. Our starting point is the type IIB supergravity
action in the Einstein frame
S = − 1
2κ2
∫
d10x√−g[R−1
2
(∂Φ)2−1
2
e2Φ(∂C)2− 1
12
gse
−ΦH23−
1
12
gse
ΦF˜ 23−
1
4 · 5!g
2
s F˜
2
5 ]−g2sC4∧F3∧H3,
where
F3 = dC2, H3 = dB2, F5 = dC4,
F˜3 = F3 − CH3, F˜5 = F5 +B2 ∧ F3.
Here C, C2 and C4 are the RR 0, 2 and 4-forms respectively, B2 is the NS-NS 2-form and
Φ is the dilaton. The gravitational coupling constant κ is related to the string tension α′
and string coupling gs by κ = 8π
7/2gs(α
′)2. The resulting equations of motion are:
RMN =
1
2
∂MΦ∂NΦ+
1
2
e2Φ∂MC∂NC +
1
96
g2s F˜MPQRSF˜
PQRS
N +
+
gs
4
(e−ΦHMPQH
PQ
N + e
ΦF˜MPQF˜
PQ
N )−
− 1
48
gMN (e
−ΦHPQRH
PQR + eΦF˜PQRF˜
PQR), (2.1)
d ⋆ (eΦF˜3) = gsF5 ∧H3,
d ⋆ (e−ΦH3 −CeΦF˜3) = −gsF5 ∧ F3, (2.2)
1I am indebted to Kostas Skenderis for pointing this out to me.
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d ⋆ dΦ = e2ΦdC ∧ ⋆dC − gs
2
e−ΦH3 ∧ ⋆H3 + gs
2
eΦF˜3 ∧ ⋆F˜3,
d(e2Φ ⋆ dC) = −gseΦH3 ∧ ⋆F˜3. (2.3)
These equations are supplemented by the self-duality condition
⋆ F˜5 = F˜5. (2.4)
In what follows we will also need the structure of the manifold T 1,1. This is a compact
five-dimensional Einstein manifold with topology S2×S3; it has a nontrivial two-cycle and
a nontrivial three-cycle. The coordinates on T 1,1 are the angles ψ, θ1, θ2, φ1, φ2 with θ1,
θ2 ∈ [0, π], φ1, φ2 ∈ [0, 2π], ψ ∈ [0, 4π]. We define the 1-forms
g1 =
e1 − e3√
2
, g2 =
e2 − e4√
2
,
g3 =
e1 + e3√
2
, g4 =
e2 + e4√
2
,
g5 = e5,
where
e1 = − sin θ1dφ1, e2 = dθ1,
e3 = cosψ sin θ2dφ2 − sinψdθ2,
e4 = sinψ sin θ2dφ2 + cosψdθ2,
e5 = dψ + cos θ1dφ1 + cos θ2dφ2.
The metric on T 1,1 is
ds25 =
1
9
(g5)2 +
1
6
4∑
i=1
(gi)2.
The closed nonexact forms corresponding to the nontrivial cycles are
ω2 =
1
2
(g1 ∧ g2 + g3 ∧ g4), ω3 = g5 ∧ ω2.
Let us briefly review the D-brane construction that leads to the gauge theory of interest.
We begin with type IIB string theory on a product of flat four-dimensional Minkowski space
with a cone over T 1,1. Because T 1,1 is an Einstein manifold, the cone is Ricci-flat. We place
N D3-branes at the singularity of the cone; this yields a conformal SU(N)×SU(N) gauge
theory with N = 1 supersymmetry [12]. We then wrap an additional M D5-branes over
the two-cycle of T 1,1, with the remaining D5-brane directions parallel to the D3-branes.
The wrapped D5-branes become fractional D3-branes that preserve supersymmetry but
break conformal symmetry. The resulting theory has gauge group SU(N +M) × SU(N)
and matter in the form of two chiral superfields in the (N +M,N) representation and two
superfields in the (N +M,N) representation [8, 1]. This gauge theory undergoes a series
of Seiberg duality cascades. In the infrared it flows to a confining phase with broken chiral
symmetry [9].
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To obtain the supergravity dual of this gauge theory we make the usual warped ansatz
for the metric:
ds2 = h−1/2(r)dxµdx
µ + h1/2(r)(dr2 + r2ds25). (2.5)
Also, to get the correct number of wrapped D5-branes, we require
F3 =
1
2
Mα′ω3.
It turns out that to find a solution of the equations of motion, we must turn on the NS-NS
2-form B2. As a result, the D3-brane charge cannot be kept constant and begins to flow,
corresponding to the duality cascade. The full solution is given by [1]
h(r) =
R4 + 2L4(log(r/r0) + 1/4)
r4
, B2 =
2L2
3
log(r/r0)ω2, F3 =
2L2
9gs
ω3,
F5 = (∂rh
−1)d4x ∧ dr + R
4
27
g1 ∧ . . . ∧ g5, Φ = C = 0, (2.6)
where h(r) is the warp factor in the metric (2.5) and the radii R, L are given by
L2 =
9
4
gsMα
′, R4 =
27
4
gsNπ(α
′)2. (2.7)
This is the Klebanov-Tseytlin solution. Note that in addition to the string scale α′, the so-
lution involves an arbitrary scale r0. This scale is related to the confinement scale; we shall
see the precise relation in the next section. As we flow toward the IR, the solution becomes
singular at a radius r = rs where h(rs) = 0, and is only reliable away from the singularity,
or for r ≫ rs. In this region the curvature R satisfies α′R ∼ 1gsM log(r/r0)−3/2 ≪ 1, so
supergravity is a good approximation to the dual gauge theory. Importantly, the KT solu-
tion is not asymptotically AdS in the UV, ot at large r: the warp function h differs from
the AdS warp function by a logarithmic factor. Because the difference is only logarithmic,
though, there is hope that some of the methods developed for AdS/CFT can be applied to
the KT background; we will see that this is in fact the case.
A striking feature of the solution is that the D3-brane charge is scale dependent, namely
Neff (r) =
1
(4π2α′)2
∫
T 1,1
F˜5 = N +
3
2π
gsM
2 log(r/r0). (2.8)
As shown in [9], this logarithmic running of the effective number of colors corresponds on
the gauge theory side to a cascade of Seiberg duality transformations. We will not describe
this cascade here since it is not directly relevant to our purposes.
3. Field theory correlators from the KT solution
In an earlier paper [20] we extended the standard AdS/CFT procedure for extracting gauge
theory correlation functions from supergravity to the KT background and its field theory
dual, using as an example the massless scalar and its dual dimension 4 operator. We will
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now review that calculation and indicate how to use the same method to derive correlation
functions of other field theory operators from this supergravity background.
Let us first recall how one extracts gauge theory correlation functions from the dual
supergravity background in standard AdS/CFT. We follow the method of [3]. For every
SUGRA field φ there is a corresponding gauge theory operator O such that a term W [φ] =∫
d4xφ(x)O(x) can be added to the gauge theory action. The gauge theory/SUGRA cor-
respondence then states
〈e−W [φ(x)]〉 = e−S[φ(x)], (3.1)
where S[φ(x)] is the classical SUGRA action evaluated on the field φ(x, r) that solves
the supergravity equations of motion subject to the following boundary conditions: in
the UV, i.e. for r → ∞, φ(x, r) = r∆φ(x) where ∆ is related to the dimension of the
operator O. We also require φ(x, r) be regular at the IR, i.e. for small r. In other words
the classical SUGRA action evaluated on the classical solution φ(x, r) subject to these
boundary conditions generates the connected gauge theory correlation functions of the
operator O.
In particular, suppose we want to calculate the two point function 〈O4(x1)O4(x2)〉 for
an operator O4 corresponding to a minimal massless scalar φ propagating in the geometry
(2.5), where ds25 is the metric on some Einstein manifold X
5. The action for such a scalar
is
S =
1
2κ2
∫
d10x
√
g[
1
2
gMN∂Mφ∂Nφ] =
V
4κ2
∫
d4x
∫ ρ
drr5[(∂rφ)
2+h(r)ηµν∂µφ∂νφ], (3.2)
where V is the volume of the X5 and ρ is a UV cutoff to be taken to ∞ in the end. We
have tacitly switched to Euclidean signature. The indices M,N run over the entire 10-
dimensional space, the indices µ, ν over 4-dimensional Euclidean space. The equation of
motion resulting from this action is
(r−5∂rr
5∂r + h(r) )φ = 0. (3.3)
Integrating by parts in the action (3.2), we get
S =
V
4κ2
∫
d4x
∫ ρ
drr5[−φ(r−5∂rr5∂r + h(r)ηµν∂µ∂ν)φ+ r−5∂r(φr5∂rφ)] =
= − V
4κ2
[F(r)r=ρ −F(r)r=0],
where F(r) = φ(r)r5∂rφ(r) is the flux factor. We have used the equation of motion and the
fact that there are no boundary terms from integrating by parts in the xµ directions since
the fields are assumed to vanish at 4-dimensional infinity. Going to momentum space, we
find
S =
V
4κ2
∫
d4kd4qφkφq(2π)
4δ(4)(k + q)Fk, (3.4)
where φ(x) =
∫
d4kφke
ikx and
Fk = [φ˜kr5∂rφ˜k]ρ0. (3.5)
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φ˜k are momentum modes normalized to φ˜k(ρ) = 1. From (3.1), the corresponding 2 point
function in momentum space is then
〈O4(k)O4(q)〉 = ∂
2S
∂φk∂φq
= (2π)4δ(4)(k + q)
V
4κ2
Fk. (3.6)
Thus, to extract the 2 point function we need to solve the equations of motion for the
momentum k Fourier mode of the field φ with the boundary conditions φ(ρ) = 1, φ(r → 0)
regular, and find the flux factor Fk. Note that ultimately, we are interested in terms
nonanalytic in k, since the analytic terms correspond to contact terms in position space.
However, there is a subtlety due to the fact that some of these contact terms diverge as
ρ→∞, and need to be canceled by covariant counterterms. These covariant counterterms
will generally change the prefactors in front of the 2-point functions. In the particular case
of the minimal massless scalar, though, we will show that the prefactors are unchanged for
both AdS and KT backgrounds2.
In the standard AdS/CFT correspondence h(r) = R4/r4 and the equation of motion
(3.3) in momentum space becomes
(r−5∂rr
5∂r − k2R
4
r4
)φ = 0.
Changing variables to y = kR2/r this is:
(y3∂yy
−3∂y − 1)φ(y) = 0. (3.7)
This is equivalent to a Bessel equation whose solution with the desired boundary conditions
is
φ(y) =
y2K2(y)
k2ε2K2(kε)
where ε = R2/ρ is a UV cutoff. This function has the small y expansion
φ(y) = 1− 1
4
y2 − 1
16
y4 log y + . . . (3.8)
The logarithmic term gives the leading nonanalytic contribution, so that
〈O4(k)O4(−k)〉 ∼ (kε)4 log(kε),
or
〈O(x1)O4(x2)〉 ∼ 1|x1 − x2|8 .
Turning now to the Klebanov-Tseytlin background, our strategy will be simply to
repeat the above steps. Consider again the minimal massless scalar. Starting from the
action (3.2) with X5 = T 1,1, we arrive in the same way as before at the result (3.6). With
the warp factor h(r) defined as in (2.6), the mode φk(r) now satisfies the equation
[r−5∂rr
5∂r −A2k2 r
4
s
r4
log(r/rs)]φ(r) = 0, (3.9)
2For a discussion of the AdS case see [21, 19].
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where we have defined
rs = r0e
−1/4−R4/2L4 , A2 =
2L4
r4s
. (3.10)
Changing variables to
y =
Akr2s
r
, Y = Akrs, (3.11)
eq. (3.9) becomes
[y3∂yy
−3∂y − log Y
y
]φ(y) = 0. (3.12)
To find the 2-point function (3.6), we need to solve eq. (3.12) with appropriate bound-
ary conditions. This equation is valid for y ≪ Y . As y → Y , we run into a singularity.
Recall that we would like to impose the boundary condition that φ(y) is regular in the IR,
i.e. for large y. The rigorous way of doing this would be to look at the full Klebanov-
Strassler spacetime [9] which resolves the KT singularity. But the KS solution is rather
complicated and one would have no hope of solving the equations analytically. Instead,
note that for large enough k, i.e. at high energies, Y is a large number. Thus there is a
region where 0 ≪ y ≪ Y . If we can solve eq. (3.12) in this region, we can impose the
boundary condition that φ be regular at large y. If Y ≫ 1 then this boundary condition
will mimic the correct one, whatever the details of singularity resolution are. Next, note
that if we take 1/Y ≪ y ≪ Y , then | log y| ≪ | log Y | and eq. (3.12) reduces to
(y3∂yy
−3∂y − log Y )φ = 0. (3.13)
This is Bessel’s equation, just like (3.7). Now we take the solution that is regular at large
y. This is the same solution as we needed in (3.8):
φIR = B(1− 1
4
y2 log Y − 1
16
y4 log2 Y log(
√
log Y y) + . . .), (3.14)
where B is an arbitraty constant. In the UV, i.e. for sufficiently small y, we solve (3.12)
by expanding in y, and treating the log(Y/y) term as a perturbation. Namely, we make
the ansatz
φ = φ0 + φ1 + φ2 + . . . , (3.15)
where
[y3∂yy
−3∂y]φn+1 = [log(Y/y)]φn, φ−1 = 0. (3.16)
As before, we impose the boundary condition φ(0) = 1, where we have already taken the
UV cutoff to infinity. We find
φUV = 1− 1
4
y2 log
Y
y
+ y4[
1
48
log3
Y
y
+
1
64
log2
Y
y
+
1
128
log
Y
y
+Ck] + . . . (3.17)
where Ck is an undetermined constant. The information about the 2 point function is
hidden in the constant Ck since all other parts of the above expression are analytic in k
(note that Y/y doesn’t depend on k). We will now match φUV to φIR. Let us first identify
the overlap region. We said before that the solution (3.17) is valid for small y. By looking
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at this solution we see that it has the form of an expansion in y2 log(Y/y), so we are
allowed to use this solution when y2 log(Y/y) ≪ 1. On the other hand, the condition for
the validity of eq. (3.13) is 1/Y ≪ y ≪ Y . We see that when Y is large, these conditions
are compatible and there is an overlap region 1/Y ≪ y ≪ 1/√log Y . In this region we
can drop the log y terms in (3.17) since | log y| ≪ | log Y |. Matching (3.17) to (3.14) order
by order, the first two terms match if we set B = 1. However, if we look at the terms
multiplying y4, we see that φUV has a log
3 Y term, whereas the leading term in φIR is
a log2 Y log log Y term. We must now use the undetermined constant Ck to cancel this
leading log3 Y term. Thus, we find
Ck = − 1
48
log3 Y + . . . = − 1
48
log3Akrs + . . . (3.18)
where we have kept only the leading nonanalytic term. Using equations (3.17,3.18,3.5,3.6),
we are now ready to compute the 2 point function. It is of the form
〈O4(k)O4(−k)〉 ∼ A
4k4r8s
κ2
log3Akrs. (3.19)
After Fourier transforming, this produces a position space 2-point function that behaves
as follows:
〈O4(x1)O4(x2)〉 ∼ g2sM4
log2r2s |x1 − x2|2/(gsMα′)2
|x1 − x2|8 . (3.20)
The range of validity of this result is Y ≫ 1, which using eqs.(3.10,2.7) translates into
k ≫ rs/(gsMα′). The new scale Λ ∼ rs/(gsMα′) is the only scale that appears in the
field theory correlation functions; this is the confinement scale. Our result for the 2-point
function is valid at energies higher than this scale, i.e. in the deconfined phase.
Equations (3.19,3.20) are our first encounter with powers of the log(x) appearing in
the numerator of the 2-point correlation function. The above derivation shows how the
log(r) factor in the KT metric warp function translates into position (or momentum) space
logarithms in the 4-dimensional field theory. These logarithms, with varying powers, will
appear in all the correlation functions that we compute. We will discuss their interpretation
in the concluding section.
Let us briefly address the issue of renormalization. In terms of the variable z = Ar2s/r,
the on-shell action (3.4) needed to compute the 2-point function is proportional to
S ∼ φ(z)z−3∂zφ(z), (3.21)
where the action is to be evaluated on the surface z = ε. Since φ(z) = φ0(1− 14k2z2 log z+
Ckk
4z4 + . . .), where φ0 is determined by the boundary condition at z = 0, all terms in
this action, starting from the leading divergent contact term φ20k
2/ε2, will be proportional
to k2. To cancel them, we need to introduce covariant counterterms that are local on
the surface z = ε and use the induced metric on that surface. The most divergent such
counterterm involving two derivatives (i.e. a power of k2) is ∼ k2φ(z)2/(z2 log z). We see
that the leading contribution to this counterterm from the term Ckk
4z4 in the expansion of
φ(z) is at order z2 → 0, so Ck does not get renormalized. Thus, in the case of the minimal
– 9 –
massless scalar, holographic renormalization does not change the leading order behavior
of the 2-point function, including the overall coefficient (which we do not explicitly derive
here).
It is straightforward in principle to extend our method to modes other than the minimal
massless scalar. Suppose first that we have succeded in isolating a single mode φ whose
flucutation equation decouples from other modes. Then it is still true that after we perform
the change of variables (3.11), in the region 1/Y ≪ y ≪ Y we can replace all logarithms
by constants, obtaining exactly solvable equations. We will then choose the solutions of
these equations that are regular at large y. At small y we can solve the equations by the
same sort of iterative expansion as in (3.15,3.16) with appropriate boundary conditions.
Again, we will find that all the terms in the expansion are analytic in k with the exception
of an undetermined constant Ck. Matching the UV and IR solutions, we will find as a rule
that to match the behavior of the IR solution, we will have to choose Ck so as to cancel
the leading log of the UV solution. From this we can then extract the 2-point functions.
In some cases we will encounter the following situation: we are interested in obtaining
the correlator for an operator O whose dual field φ couples to other SUGRA fluctuations
collectively denoted by ϕi. Our task is then to solve the fluctuation equations for φ,ϕi
subject to the boundary condition
φ(x, r →∞) ∼ φˆ(x), ϕi(x, r →∞)→ 0, (3.22)
where φˆ denotes the boundary condition for the field φ. We will find that we can still
perform the iterative expansion (3.15,3.16) and solve in the UV for the fields φ,ϕi with
boundary conditions (3.22), but that the solution of the equations in the IR limit becomes
too cumbersome. Nevertheless, emboldened by our experience with the diagonal modes,
we will assume that as before, the arbitrary constant that will appear on our UV expansion
must be chosen so as to cancel the leading log coefficient in the critical term when the IR
limit is taken. This is an extremely plausible assumption that yields sensible results for the
correlation functions; unfortunately, in such cases we are only able to compute the leading
order correlator up to a numerical factor3.
4. The R-current and its dual vector
The cascading SU(N +M)× SU(N) gauge theory has a classical U(1) R-symmetry that
gets broken down to Z2M at the quantum level. As pointed out in [23], this quantum
phenomenon of the gauge theory can be described classically in the supergravity dual. In
our SUGRA solution, the R-symmetry corresponds to translation of the angular coordinate
ψ. Naively, the solution (2.6) is invariant under this gauge symmetry. However, this is not
exactly true, because of a subtlety involving the RR 3-form field strength F3. The 3-form
given in (2.6) comes from a 2-form potential
C2 =
1
2
Mα′ψω2. (4.1)
3Note that our inability to determine this numerical factor is not related to renormalization, but to
the difficulty of solving the IR equations and extracting the undetermined constant Ck. Given Ck, it is
straightforward to introduce covariant counterterms and compute its renormalization in the UV.
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ψ is periodic with period 4π, so this C2 is not single-valued as a function of ψ; but it is
single-valued up to a gauge transformation. Under a translation ψ → ψ + ε,
C2 → C2 + 1
2
Mα′εω2. (4.2)
As discussed in [23], a gauge transformation can only shift C2 by an integer multiple of
πα′ω2, so ψ → ψ + ε is a symmetry if ε is an integer multiple of 2π/M . Since ε is defined
mod 4π, a Z2M subgroup of U(1) remains a symmetry of the solution. As usual, the global
R-symmetry of the gauge theory becomes gauged in supergravity. As described in [23]
this gauge symmetry is spontaneously broken via a Higgs mechanism, and the vector field
dual to the gauge theory R-current acquires a mass4. In this section we will derive the
equation of motion for this vector and compute its mass. We will then use the method of
the previous section to compute the 2-point correlation function of the R-currents. The
most general form of this correlation function allowed by the symmetries is
〈JRµ (k)JRν (−k)〉 = A(k2)πµν(k) +B(k2)
kµkν
k2
, (4.3)
where
πµν(k) = δµν − kµkν
k2
(4.4)
is the transverse projector in 4 dimensions. A and B are the form factors we would like to
compute. Note that if R symmetry is conserved, ∂ · JR = 0, so B = 0 in this case. Thus a
nonzero B indicates R-symmetry breaking.
The natural metric ansatz for fluctuations of the gauge field is
ds2 = h−1/2(r)dxµdx
µ + h1/2(r)dr2 + r2[1
9
χ2 +
1
6
4∑
i=1
(gi)2], (4.5)
where, following [23], we have defined the 1-form
χ = g5 − 2Aidxi, (4.6)
which is invariant under the gauge transformations
ψ → ψ + 2λ, A→ A+ dλ. (4.7)
The RR 3-form field strength varies as:
F3 =
2L2
9gs
(g5 + 2∂iθdx
i) ∧ ω2 = 2L
2
9
(χ+ 2Widx
i) ∧ ω2, (4.8)
where
Wi = Ai + ∂iθ (4.9)
4For a supergravity description of spontaneous R-symmetry breaking and R-current correlators in the
Coulomb branch of N=4 SYM see [22].
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is a gauge-invariant vector field. In the above formulae the index i ranges over the 5
dimensions (xµ, r). To obtain self-consistent equations of motion, we must also vary the
RR scalar C, and the RR 4-form C4. The most general variation of the RR 4-form C4
consistent with the symmetries of the problem is
δC4 = K
0g1 ∧ . . . ∧ g4 +K1 ∧ g5 ∧ dg5 +K2 ∧ dg5 +K3 ∧ g5, (4.10)
where the Krs are r-forms. In what follows we will be considering the linearized equations
of motion for the fluctuations Wi, θ, K
r
i1...ir
around the KT background. The relevant
equations of motion are the self-duality condition for F˜5, the Einstein equations, and the
equations of motion for the RR scalar C and the RR 2-form C2:
δF˜5 = δ ⋆ F˜5, (4.11)
δRiχ = δgs
4
FiPQF
PQ
χ −
gs
4
CHiPQF
PQ
χ +
g2s
96
F˜iPQRSF˜
PQRS
χ , (4.12)
δ(d ⋆ dC) = −gsH3 ∧ δ ⋆ (F3 − CH3), (4.13)
δd ⋆ (F3 − CH3) = gsδF5 ∧H3. (4.14)
Let us turn to the self-duality equation first. We define the following forms:
d0xµνρσ = ηµµ
′
ηνν
′
ηρρ
′
ησσ
′
ǫµ′ν′ρ′σ′ = −1, dxµνρ = ηµµ′ηνν′ηρρ′ǫµ′ν′ρ′σdxσ,
d2xµν =
1
2
ηµµ
′
ηνν
′
ǫµ′ν′ρσdx
ρ ∧ dxσ, d3xµ = 1
6
ηµµ
′
ǫµ′νρσdx
ν ∧ dxρ ∧ dxσ,
d4x =
1
24
ǫµνρσdx
µ ∧ dxν ∧ dxρ ∧ dxσ, (4.15)
where ǫµνρσ is the totally antisymmetric tensor in 4 dimnsions, and ηµν is the flat Minkowski
metric. The following identities are helpful:
dg5 ∧ dg5 = −2g1 ∧ . . . ∧ g4,
⋆(dr ∧ g1 ∧ . . . ∧ g4) = − 12
r3h2
d4x ∧ g5,
⋆(dxµ ∧ g1 ∧ . . . ∧ g4) = − 12
r3h
d3xµ ∧ dr ∧ g5,
⋆(dxµ ∧ dr ∧ g5 ∧ dg5) = 3
rh
d3xµ ∧ dg5,
⋆(dxµ ∧ dxν ∧ g5 ∧ dg5) = −3
r
d2xµν ∧ dr ∧ dg5. (4.16)
With δC4 given by (4.10), and using the identities (4.16), the variation δF˜5 of the RR
5-form field strength is
δF˜5 = dδC4+B2∧δF3 = (dK0+2K1)∧g1∧. . .∧g4+dK1∧g5∧dg5+(dK2−K3)∧dg5+dK3∧g5.
(4.17)
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The variation of its dual is
δ(⋆F˜5) = ⋆(dδC4 +B2 ∧ δF3) + (δ⋆)F˜5 =
= − 12
hr3
(dK0 + 2K1)µ − 8
9
R4 + 2L4 log(r/r0)
h(r)r3
Wµd3xµ ∧ dr ∧ g5+
+− 12
h2r3
(dK0 + 2K1)r − 8
9
R4 + 2L4 log(r/r0)
h2r3
Wrd4x ∧ g5+
+
3
hr
(dK1)µrd
3xµ ∧ dg5 − 3
r
(dK1)µνd
2xµν ∧ dr ∧ dg5+
+
r
3
(dK2 −K3)µνrd2xµν ∧ g5 ∧ dg5 + rh
3
(dK2 −K3)µνρdxµνρ ∧ dr ∧ g5 ∧ dg5−
−hr3
12
(dK3)µνρrdx
µνρ +
2
27
(R4 + 2L4 log(r/r0))Wµdx
µ ∧ g1 ∧ . . . ∧ g4+
+h2r3
12
(dK3)µνρσd
0xµνρσ +
2h
27
(R4 + 2L4 log(r/r0))Wrdr ∧ g1 ∧ . . . ∧ g4, (4.18)
where we have used the identities (4.16), and set the gauge θ = 0. The terms involving
Wi come form the variation δ⋆ of the Hodge dual, which depends on the metric. At this
point, it is convenient to introduce a slightly unusual version of the 5-dimensional Hodge
dual, ⋆5. In this Hodge dual, 4-dimensional indices are raised with flat Minkowski metric,
while the r-index is raised with h−1(r). Thus for example
⋆5 dxµ = ηµµ′ǫ
µ′
νρσdx
ν ∧ dxρ ∧ dxσ ∧ dr, ⋆5dr = h−1(r)ǫµνρσdxµ ∧ dxν ∧ dxρ ∧ dxσ, (4.19)
etc. With this notation, we find that the self-duality condition (38) reduces to the following
two equations:
K3 = dK2 +
3
r
⋆5 dK
1, (4.20)
dK3 +
12
hr3
⋆5 (dK
0 + 2K1) +
8(R4 + 2L4 log rr0 )
9hr3
⋆5 W = 0. (4.21)
Without loss of generality, we can set K0 = 0 and K2 = 0. Then the above reduces to
K3 =
3
r
⋆5 dK, (4.22)
hr∂r
1
hr
(∂rKµ−∂µKr)+h∂ν(∂νKµ−∂µKν)− 8
r2
Kµ−8(R
4 + 2L4 log(r/r0))
27r2
Wµ = 0, (4.23)
h Kr − ∂r(∂ ·K)− 8
r2
Kr − 8(R
4 + 2L4 log(r/r0))
27r2
Wr = 0, (4.24)
where we now denote the vector K1 simply by K. We have separated the xµ and r
components of the equations of motion for K; ∂ ·K denotes the 4-dimensional divergence.
– 13 –
We now turn to the Einstein equations (4.12). The variation of the Ricci tensor in
terms of the metric variation is
δRMN = 10 hMN+DMDNh
P
P −DMDPhPN−DNDPhMP−2RMPSNhPS+R PMhPN+R PN hMP ,
(4.25)
where 10 is the 10-dimensional Laplace operator, hMN = δgMN , and all covariant deriva-
tives, as well as raised indices, are taken with respect to the background metric. Plug-
ging this into eq. (4.12) and using equations (4.5,4.8) as well as the equations of motion
(4.22,4.23,4.24) for K1 and K3, this becomes
1
hr7
∂rhr
7(∂rWµ − ∂µWr) + h∂ν(∂νWµ − ∂µWν)− 8L
4
hr6
Wµ −
−16(R
4 + 2L4 log(r/r0))
2
h2r10
(Wµ +
27
R4 + 2L4 log(r/r0)
Kµ) = 0, (4.26)
h Wr − ∂r(∂ ·W )− 8L
4
hr6
(Wr − 3C
2r
)−
−16(R
4 + 2L4 log(r/r0))
2
h2r10
(Wr +
27
R4 + 2L4 log(r/r0)
Kr) = 0, (4.27)
where again we have separated the xµ and r components.
In general, whenever we have Lorentz-invariant equations of motion involving a vector
mode Aµ
5, they can be separated into transverse and longitudinal components A˜µ and ∂ ·A
by setting
Aµ = A˜µ +
∂µ(∂ ·A)
. (4.28)
The transverse mode A˜µ that satisfies ∂ · A˜ = 0 then decouples from all scalar fluctuations
and can only couple to other transverse vectors.
In the present case we have two vector fields Kµ, Wµ. Defining their transverse parts
as above, we find that they only couple to each other, and satisfy the equations:
(
1
hr7
∂rhr
7∂r + h )W˜µ − 8L
4
hr6
W˜µ −
−16(R
4 + 2L4 log(r/r0))
2
h2r10
(W˜µ +
27
R4 + 2L4 log(r/r0)
K˜µ) = 0, (4.29)
(hr∂r
1
hr
∂r + h )K˜µ − 8
r2
K˜µ − 8(R
4 + 2L4 log(r/r0))
27r2
W˜µ = 0. (4.30)
These coupled equations can be diagonalized by taking the following linear combinations:
W 1 =W − 54
hr4
K, W 2 =W +
27
hr4
K. (4.31)
5By “vectors” we mean vectors with respect to the 4-dimensional Lorentz group; the r-components Ar
are scalars with respect to that group.
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Then the transverse components W˜ 1 and W˜ 2 satisfy the equations:
 1
hr7
∂rhr
7∂r + h − 4L
8
r2(R4 + 2L4(log(r/r0) +
1
4 ))
2
W˜ 1µ = 0, (4.32)
 1
hr7
∂rhr
7∂r + h −
−46R
8 + 3R4L4 + (24R4L4 + 6L8) log(r/r0) + 24L
8 log2(r/r0)
r2(R4 + 2L4(log(r/r0) +
1
4))
2
W˜ 2µ = 0. (4.33)
By inspection we see that W 2 is massive in the AdS5 × T 1,1 limit where we take L = 0;
the mode we’re interested in is W 1. This is the Goldstone vector that acquires a mass,
corresponding to the spontaneous breaking of R-symmetry.
The authors of ref. [14] made a general prediction for the mass of a vector associated
with such symmetry breaking. We can now compare that prediction to our result. Eq.
(193) of [14] reads
(e−2T ∂qe
2T ∂q + e
−2T +2
∂2T
∂q2
)V˜µ = 0, (4.34)
where Vµ is related to W
1
µ by a rescaling and q, T are such that the reduced metric in 5
dimensions is
ds25 = dq
2 + e2Tdxµdx
µ. (4.35)
In terms of the r coordinate, the reduced KT metric (6) in 5 dimensions is
ds25 = (h(r)r
4/R40)
5/6(h1/2(r)dr2 + h−1/2(r)dxµdx
µ), (4.36)
where R0 is some reduction scale. Comparing this to (4.35) we get
dq =
dr
rR
5/3
0
(R4 + 2L4(log(r/r0) + 1/4))
2/3, (4.37)
e2T = r2R
−10/3
0 (R
4 + 2L4(log(r/r0) + 1/4))
1/3. (4.38)
We now transform (4.34) to the r coordinate. To obtain agreement between the kinetic
terms we also need to rescale:
Vµ = (h(r)r
4/R40)
2/3W 1µ . (4.39)
Plugging the above expressions in, we get
 1
hr7
∂rhr
7∂r + h − 4L
8
r2(R4 + 2L4(log(r/r0) +
1
4 ))
2
W˜ 1µ = 0, (4.40)
which is precisely our eq.(4.32). In terms of the gauged supergravity conventions of ref.
[14], the vector W 1 has picked up a mass
m2 = −2d
2T
dq2
=
4
α′(3π)3/2
(gsM)
2
(gsN)3/2
, (4.41)
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where we have used the relations (2.7).
Before proceeding to derive the remaining equations of motion for the scalar sector,
let us first calculate the leading order 2-point functions 〈J˜1,2µ (x)J˜1,2ν (x′)〉 for the transverse
components of the gauge theory currents J1,2 dual to the supergravity modes W 1,2 we
have found. We follow the method outlined in the previous section. Using the change of
variables (18,19), eqs. (52,53) in momentum space become
 y
log(Y/y)
∂yy
−1 log(Y/y)∂y − 1
y2 log2(Y/y)
− log(Y/y)W˜ 1 = 0, (4.42)
 y
log(Y/y)
∂yy
−1 log(Y/y)∂y− 24 log
2(Y/y)− 6 log(Y/y) + 1
y2 log2(Y/y)
− log(Y/y)W˜ 2 = 0. (4.43)
In the IR region 1/Y ≪ y ≪ Y , these reduce to Bessel equations:
y∂yy−1∂y − log YW˜ 1IR = 0, (4.44)
y∂yy−1∂y − 24
y2
− log YW˜ 2IR = 0, (4.45)
where we have also used Y ≫ 1. Note that in going from eq. (4.42) to (4.44), the mass
term 1/(y2 log2(Y/y)) is left out since it becomes suppressed by a factor of 1/(log Y )2. This
is the term responsible for the anomalous dimension of the R-current, so we see that this
anomalous dimension will not show up in our calculations, which are at leading order in
high energy. If this term were included, it would modify the order of the Bessel function,
and thus the power of k in the correlator. The solutions of these Bessel equations (4.44,4.45)
that remain regular at large y are, up to a multiplicative constant
W˜ 1IR ∼ 1 +B1y2 log Y log log Y + . . . (4.46)
W˜ 2IR ∼
1
y4 log Y
+ . . .+B2y
6 log4(Y ) log log Y + . . . (4.47)
where we have only included the terms relevant to our matching. B1, B2 are constants
whose exact value will not matter to us. In the UV region y ≪ 1, we perform an iterative
expansion similar to eqs. (23,24). We find
W˜ 1UV ∼
1
2
2 log(Y/y)− 1
log(Y/y)
− 1
6
y2 log2(Y/y) + C1
y2
log(Y/y)
+ . . . (4.48)
W˜ 2UV ∼
1
y4 log(Y/y)
− . . .− 1
7200
y6 log5(Y/y) + C2y
6 + . . . (4.49)
where again we omitted terms not relevant to the matching. Performing the matching, we
find that, just as in the case of the minimal scalar, the UV expansions W 1,2UV have a higher
power of log Y in the coefficient of the critical power of y than the IR functions that remain
regular at large y. We must use the arbitrary constants C1, C2 to cancel this leading log;
these constants then encode the leading-order 2-point functions. Thus we have
C1 =
1
6
log3 Y + . . . , C2 =
1
230400
log5 Y + . . . (4.50)
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Restoring the k-dependence of y and Y , we obtain
W˜ 1UV ∼ 1 +
L4k2
3r2 log(r/rs)
log3(k/Λ) + . . . , (4.51)
W˜ 2UV ∼
r4
log(r/rs)
+ . . .+
L20k10 log5(k/Λ)
7200r6
+ . . . (4.52)
where Λ is given by Λ ∼ rs/(Mα′). As usual, the momentum space 2-point functions are
proportional to the lowest-order nonanalytic terms in k, so we have
〈J˜Rµ (k)J˜Rν (−k)〉 ∼ g2sM4πµν(k)k2 log3(k/Λ), (4.53)
〈J˜2µ(K)J˜2ν (−k)〉 ∼ g10s M12(α′)8πµν(k)k10 log5(k/Λ), (4.54)
where we have renamed J1 ≡ JR since it is in fact the R-current. The transverse projector
πµν is defined in (4.4). These translate into position space 2-point functions
〈J˜Rµ (x)J˜Rν (x′)〉 ∼ g2sM4(δµν −
∂µ∂ν
)
log2(Λ|x− x′|)
|x− x′|6 , (4.55)
〈J˜2µ(x)J˜2ν (x′)〉 ∼ g10s M12(α′)8(δµν −
∂µ∂ν
)
log4(Λ|x− x′|)
|x− x′|14 . (4.56)
We now make a brief digression to compute yet another transverse current-current corre-
lator; the purpose is to once again demontrate the general pattern of these calculations.
First, we note6 that if we vary the NS-NS 2-form as
B2 → B2 +Aidxi ∧ g5, (4.57)
while leaving all other fields in the KT solution constant, the vector field Ai decouples
from all other modes. Inserting the variation (4.57) into the equation of motion (2) for B2,
and, as usual, expanding to linear order in Ai, we find that the transverse 4-dimensional
components A˜µ obey the equations of motion
r−3∂rr3∂r + h − 8
r2
A˜µ = 0. (4.58)
Performing once again the change of variables (18,19), this becomes
y∂yy−1∂y − 8
y2
− log(Y/y)A˜µ = 0. (4.59)
The IR and UV expansions are obtained in the usual way:
A˜IR ∼ 1
y2
+ . . .+By4 log3 Y log log Y + . . . (4.60)
A˜UV ∼ 1
y2
− . . .− 1
192
y4 log4(Y/y) +Cy4 + . . . (4.61)
6This observation is due to Igor Klebanov.
– 17 –
Again we see that in the matching region the UV expansion has a higher power of log Y in
the critical term coefficient, and we use the constant C to cancel it. Thus
C =
log4 Y
192
+ . . . (4.62)
With the usual transformations, we find a corresponding position space 2-point function
〈J˜Aµ (x)J˜Aν (x′)〉 ∼ (δµν −
∂µ∂ν
)
log3(Λ|x− x′|)
|x− x′|10 . (4.63)
The lesson from the above calculations is that, to leading order, the high energy behavior of
the 2-point functions can be extracted from the UV iterative expansion alone; the matching
with the IR solution always has the consequence that we must choose the undetermined
constant Ck in the UV expansion in such a way as to cancel the leading log coefficient
of the critical power of y in the IR limit. We will now use this shortcut to compute the
longitudinal part of the R-current correlator 〈JRµ JRν 〉. First, we need to derive the remaining
scalar equations of motion. Eqs. (4.13,4.14) yield
(r−5∂rr
5∂r + h )C +
16L4
3hr5
(Wr − 3C
2r
) = 0, (4.64)
(∂ ·W ) = − 108
r5h2
Kr + R
4 + 2L4 log(r/r0)
27
Wr− 1
2r
∂r r
h
(Wr − 3C
2r
). (4.65)
Also, by taking divergences of eqs. (4.23,4.26) we find
hr∂r
1
hr
∂r(∂ ·K)− 8
r2
(∂ ·K)− 8(R
4 + 2L4 log(r/r0))
27r2
(∂ ·W )− hr∂r 1
hr
Kr = 0,(4.66)
1
hr7
∂rhr
7∂r(∂ ·W )− 8L
4
hr6
∂ ·W −
−16(R
4 + 2L4 log(r/r0))
2
h2r10
(∂ ·W + 27
R4 + 2L4 log(r/r0)
∂ ·K)− 1
hr7
∂rhr
7 Wr = 0.(4.67)
Equations (4.64–4.67), along with eqs. (4.24,4.27) are the equations of motion in the scalar
sector. The independent fields may be taken to be the scalars C,Wr,Kr; it is possible to
check, as must of course be the case, that these six equations for three independent fields
are consistent.
We now want to extract the longitudinal part of the 〈JRµ JRν 〉 correlator. As discussed
above, we only need to solve the equations to the critical order in the UV expansion. Recall
once again that in practice, this means that in the 0-th approximation, we drop all the
’ ’ terms, since they scale as r−4, whereas all other terms scale as r−2. The ’ ’ terms
operating on the 0-th order solution are then included in the equations for the 1-st order
solutions, etc. Since the vector dual to the R-current operator is W 1 as defined in eq.
(4.31), we impose the boundary conditions
∂ ·W 1(r, x)(r →∞)→ ∂ ·W 1(x), ∂ ·W 2(r, x)(r →∞)→ 0,
C(r, x)(r →∞)→ 0, Wr(r, x)(r →∞)→ 0, Kr(r, x)(r →∞)→ 0. (4.68)
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As usual, we transform to momentum space, and seek normalized solutions of the form
∂ ·W 1(r, k)(r →∞)→ 1, ∂ ·W 2(r, k)(r →∞)→ 0,
C(r, k)(r →∞)→ 0, Wr(r, k)(r →∞)→ 0, Kr(r, k)(r →∞)→ 0. (4.69)
We are indeed able to find a solution with these boundary conditions. To first order in the
UV expansion (i.e. iterating once), the solution is:
∂ ·W 1(r) = 1− 1
3
k2L4
r2
log(r/rs) + C1
1
r2 log(r/rs)
, ∂ ·W 2(r) = − 1
72
k2L4
r2
,
C(r) = −2
9
L4
r2
+
1
27
k2L8
r4
log3(r/rs)− 2
3
C1
L4
r4
log(r/rs),
Wr(r) = −1
3
L4
r3
log(r/rs) +
2
9
k2L8
r5
log3(r/rs) + 2C1
L4
r5
log(r/rs),
Kr(r) =
2
81
L8
r3
log2(r/rs)− 4
243
k2L12
r5
log4(r/rs)− 4
27
C1
L8
r5
log2(r/rs), (4.70)
where we have kept only the leading log terms at each power of r, and C1 is the unde-
termined constant that contains the information we need. Looking at the solution (4.70),
we see that in going to the IR limit 1/Y ≪ y ≪ Y with y, Y defined as in (3.10,3.11), to
cancel the leading log in the critical term, we have to choose the undetermined constant
C1 ∼ k2L4 log2(k/Λ), (4.71)
which leads to the longitudinal momentum space R-current 2-point function
〈J‖µ(k)J‖ν (−k)〉 ∼ g2sM4kµkν log2(k/Λ). (4.72)
Mulitplying the above by kµkν , we also get
〈∂ · JR(k)∂ · JR(−k)〉 ∼ g2sM4k4 log2(k/Λ). (4.73)
Thus, the 2-point function of the R-anomaly scalar ∂ · JR has a different leading-order
logarithmic behavior from that of the minimal scalar (3.19) found in the previous section.
Unfortunately, the above analysis does not in itself allow us to determine the numerical
value of the constant C1; to do that, we would need to diagonalize the fluctuation equations
in the IR and match them in detail to the UV solution (4.70), which we are unable to do
at present. Thus, by combining eqs. (4.53,4.72) we can write the total R-current 2-point
function as
〈JRµ (k)JRν (−k)〉 = g2sM4C0πµν(k)k2 log3(k/Λ) + C1kµkν log2(k/Λ), (4.74)
where we could in principle compute the prefactor C0 exactly (though we do not bother
do that here), but we have not been able to determine the prefactor C1.
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5. The EM tensor and the graviton
In this section we would like to compute the short-distance behavior of the field theory
energy-momentum tensor 2-point function 〈Tµν(x)Tρσ(x′)〉. This is an object of interest
because in a conformal theory, the structure of this correlator is completely determined by
conformal symmetry. Thus, any deviation from the CFT result will exhibit some of the
structure of the breaking of conformal symmetry, and yield information about the flow of
the beta function. More specifically, the most general form of the 〈TT 〉 correlator allowed
by translation invariance is
〈Tµν(k)Tρσ(−k)〉 = C(k2)πµνρσ(k) +D(k2)πµν(k)πρσ(k), (5.1)
where πµν is the transverse projector defined in eq. (4.4), and
πµνρσ =
1
2
(πµσπνρ + πµρπνσ)− 1
3
πµνπρσ (5.2)
is the transverse traceless projector. Our purpose is to compute the form factors C and
D. Note that in a scale invariant theory, T µµ = 0, and therefore D = 0; thus a nonzero D
is an indication of the trace anomaly. Moreover, conformal symmetry dictates C(k) ∼ k4,
so a nontrivial C also manifests the breaking of conformal symmetry.
The supergravity field dual to the EM-tensor operator Tµν is the graviton γ
µ
ν along
the brane directions, normalized with respect to the background metric (see ref.[24]). In
other words, we vary the 4-dimensional part of the metric as follows:
gµν → gµν + gµργρν . (5.3)
The 2-point function is then
〈Tµν(x)Tρσ(x′)〉 = δ
2S(γ, φi)
δγˆµν(x)δγˆρσ(x′)
, (5.4)
where γ denotes the graviton along the branes and φi denotes collectively all other su-
pergravity fields, and the action S is evaluated at the solution to the linearized SUGRA
equations of motion with the boundary conditions
γµν(x, r →∞)→ γˆµν(x), φi(x, r →∞)→ 0. (5.5)
In what follows, we will not be careful about distinguishing upper and lower indices; rather,
we will assume that all indices are raised and lowered with flat metric, and tacitly insert
appropriate factors of h(r) as needed.
Our task is to solve the linearized SUGRA equations of motion around the KT back-
ground with boundary conditions (5.5). The graviton γµν couples to other fields, so we
must include their fluctuations as well. To simplify the calculations somewhat, we will set
R = 0 in the definition of h(r) (see eq. 6). A self-consistent ansatz is:
ds2 = h−1/2(r)ηµν + γµν(x, r)dxµdxν +
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+h1/2(r)γrr(x, r)dr2 + r2[1
6
(1 +
1
4
s1(x, r))
4∑
i=1
(gi)2 +
1
9
(1 + s2(x, r))(g
5)2],
B2 =
2L2
3
log(r/r0)(1 + δB(x, r))ω2, C4 = (∂rh
−1)(1 + δC(x, r))d4x, Φ = δΦ(x, r),(5.6)
with all other fields equal to their background values. The self-duality condition (38) for
F˜5 allows us immediately to solve for the field δC:
δC = δB +
1
2
(γ + γrr − s), (5.7)
where we have defined the traces
γ = δµνγµν , s = s1 + s2. (5.8)
We now turn our attention to the Einstein equations (1). Using the expansion (49) and
looking at the ’µν’ and ’µr’ components, we obtain
(h +∂2r +
5
r
∂r)γµν + h∂µ∂ν(γ + γrr + s)− h∂µ∂ργρν − h∂ν∂ργµρ +
+δµν [
1
r
log(r/r0)
log(r/r0) + 1/4
∂r(γ + s− γrr − 2δB) −
−432 log
2(r/r0) + 4 log(r/r0) + 1
r2(4 log(r/r0) + 1)2
(γrr − s+ 2δB)] = 0 (5.9)
and
∂r∂µγµν+(
5
r
+
h′
2h
)∂µγrr−∂µ∂r(γ+s)−(1
r
+
h′
2h
)∂µs− 4
r
log(r/r0)
log(r/r0) + 1/4
∂µδB = 0, (5.10)
where we have used the relation (5.7). Following ref. [25], we define the transverse traceless
part of the graviton γ¯µν as
γ¯µν = γµν − 1 ∂µ∂ργρν − 1 ∂ν∂ργµρ + ∂µ∂ν2 ∂ρ∂σγρσ +
+
1
3
(
∂µ∂ν − δµν)(γ − 1 ∂ρ∂σγρσ). (5.11)
This tensor satisfies:
δµν γ¯µν = 0, ∂µγ¯µν = 0. (5.12)
From the index structure of eq. (5.9), it is clear that γ¯µν decouples from all other fields
and satisfies the equation:
(h +r−5∂rr
5∂r)γ¯µν = 0. (5.13)
This is precisely the equation for the minimal massless scalar, so following the steps outlined
in section 3, we obtain the transverse traceless (TT) part of the energy-momentum tensor
2-point function:
〈Tµν(k)Tρσ(−k)〉TT ∼ g2sM4πµνρσ(k)k4 log3(k/Λ), (5.14)
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where the transverse traceless projector πµνρσ was defined in eq. (5.2). In terms of the
form factors C,D defined in (5.1), we find C(k) ∼ k4 log3 k. This is different from the k4
behavior required by conformal symmetry.
Of course, eq.(5.13) does not exhaust the information contained in eq.(5.9). By sub-
stituting (5.11) into (5.9) and taking the trace or multiplying it by ∂µ, we obtain
r−5∂rr
5∂rγ + h−2∂µ∂νγµν + 2 γ + (γrr + s)+ 4V = 0, (5.15)
r−5∂rr
5∂r(∂νγµν) + h(−∂µ∂ρ∂σγρσ + ∂µ (γ + γrr + s)+ ∂µV = 0, (5.16)
where we have defined
V =
1
r
log(r/r0)
log(r/r0) + 1/4
∂r(γ + s− γrr − 2δB)−
−432 log
2(r/r0) + 4 log(r/r0) + 1
r2(4 log(r/r0) + 1)2
(γrr − s+ 2δB). (5.17)
Next, we define a new scalar field ϕ by
∂νγµν = ∂µϕ+ Cµ(x). (5.18)
ϕ is well-defined because eq. (90) shows that the r-derivative of the vector ∂νγµν is a
4-dimensional gradient. Hence it is itself a 4-dimensional gradient up to an r-independent
vector Cµ(x). With the definition (5.18), we have
r−5∂rr
5∂rγ + h (2γ − 2ϕ+ γrr + s)− 2∂µCµ+ V = 0, (5.19)
∂rϕ+X = 0, (5.20)
where we have also defined
X = (
5
r
+
h′
2h
)γrr − ∂r(γ + s)− (1
r
+
h′
2h
)s− 4
r
log(r/r0)
log(r/r0) + 1/4
δB. (5.21)
Let us now write out the equations of motion for the other scalar fields s1, s2, γrr, δB, δΦ.
Expanding eqs. (1-3) linearly in these fields with the ansatz (86), we get
(h +r−5∂rr
5∂r)δΦ − 8L
4
r6h
r∂r[log(r/r0)δB] + 1
2
(s2 − γrr − 2δΦ) = 0, (5.22)
(h +
h
r log2(r/r0)
∂r
r log2(r/r0)
h
∂r)δB +
1
2r log(r/r0)
∂r(γ − γrr + s2 − 2δΦ) +
+
h(∂rh
−1)
2r log(r/r0)
(−2γrr + 2s2 + s1 − 2δΦ) = 0, (5.23)
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h γrr + ∂
2
r (s+ γ) + 6
log(r/r0)
r(log(r/r0) + 1/4)
∂rδB + 3
log(r/r0)
r(log(r/r0) + 1/4)
∂rγ −
−64 log
2(r/r0) + 36 log(r/r0) + 5
r(4 log(r/r0) + 1)2
∂rγrr +
2(8 log2(r/r0) + 6 log(r/r0) + 1)
r(4 log(r/r0) + 1)2
∂rs−
−4(32 log
2(r/r0) + 4 log(r/r0) + 1)
r2(4 log(r/r0) + 1)2
(γrr − s)− 2
r2(log(r/r0) + 1/4)
s1 −
− 4
r2(log(r/r0) + 1/4)2
δΦ − 8(32 log
2(r/r0)− 12 log(r/r0)− 3)
r2(4 log(r/r0) + 1)2
δB = 0,(5.24)
(h +r−5∂rr
5∂r)s1 +
1
r(log(r/r0) + 1/4)
∂r(γ + s− γrr) + 32 log(r/r0)
r(4 log(r/r0) + 1)
∂rδB −
−4(112 log
2(r/r0) + 8 log(r/r0) + 3)
r2(4 log(r/r0) + 1)2
s1 − 64 log(r/r0)(4 log(r/r0)− 1)
r2(4 log(r/r0) + 1)2
s2 −
−16(12 log(r/r0) + 1)
r2(4 log(r/r0) + 1)2
γrr +
32(32 log2(r/r0) + 4 log(r/r0) + 1)
r2(4 log(r/r0) + 1)2
δB = 0,(5.25)
(h +r−5∂rr
5∂r)s2 +
1
4r(log(r/r0) + 1/4)
∂r(γ + s− γrr)−
− 8 log(r/r0)
r(4 log(r/r0) + 1)
∂rδB − 16(4 log
2(r/r0)− log(r/r0))
r2(4 log(r/r0) + 1)2
s1 −
−4(64 log
2(r/r0) + 28 log(r/r0) + 5)
r2(4 log(r/r0) + 1)2
s2 − 4(4 log(r/r0)− 1)
r2(4 log(r/r0) + 1)2
γrr +
+
8(32 log2(r/r0)− 4 log(r/r0)− 1)
r2(4 log(r/r0) + 1)2
δB +
16δΦ
r2(4 log(r/r0) + 1)
= 0. (5.26)
The 5-dimensional graviton γij includes 5 unphysical degrees of freedom associated with
the (linearized) gauge transformations
γij → γij +Diξj +Djξi, (5.27)
where ξi is an arbitrary 5-dimensional vector. In choosing γµr = 0 in the ansatz (104), we
used 4 of these 5 degrees of freedom, so we still have to make one more gauge choice before
solving the equations of motion. We find it convenient to choose the gauge
∂rγ = 0, (5.28)
so that the trace γ of the 4-dimensional graviton is r-independent and completely deter-
mined by its boundary value γˆ. With this gauge choice, the graviton γµν decouples from
the scalar equations (5.22-5.26). The solutions of these equations then enter into the gravi-
ton equations (5.19,5.20) through the quantities V,X defined in (5.17,5.21). Using eqs.
(5.22-5.26), we find that V,X satisfy the equations
∂r(
r4
log(r/r0) + 1/4
V ) = 2L4 1
4
∂r(s− γrr) +
+
2
r
s+
2
r
log(r/r0)
log(r/r0) + 1/4
δB +
1
8r
12 log(r/r0) + 5
log(r/r0) + 1/4
(s− γrr), (5.29)
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∂2r + (9r −
1
r(log(r/r0) + 1/4)
)∂r + (
15
r2
− 5
r2(log(r/r0) + 1/4)
)X =
= h −3
4
∂rγrr − 1
4
∂rs−
− 1
2r
12 log(r/r0) + 5
4 log(r/r0) + 1
γrr − 1
2r
4 log(r/r0)− 1
4 log(r/r0) + 1
s+
8 log(r/r0)
r(4 log(r/r0) + 1)
δB. (5.30)
Looking ahead, we see that in the UV expansion, the right-hand sides of the above equations
are treated as perturbations, so to 0th order we have
V0 = A0
log(r/r0) + 1/4
r4
, X0 = A1
log(r/r0)− 1/4
r3
+A2
1
r5
. (5.31)
Substituting the above into eq. (5.19), and using again the gauge choice (5.28), we find
A0 = L
4(k2γˆ − kµkν γˆµν), (5.32)
so A0 is completely determined by the boundary data. We see that to find the leading
order 2-point function, we need to solve the eqs. (5.22-5.26) to first order in the UV
expansion. The first order solutions will have 2 arbitrary constants which we can express
in terms of A0 and A2. Then plugging the 0th order part of the first order solutions into
the right-hand-side of eq. (5.30), we will solve for X to 1st order, and choose A2 so as
to eliminate the leading order log term in the IR limit. In solving eqs. (5.22-5.26), the
boundary conditions (5.5) mean that all scalar fields should approach 0 at r → ∞. The
first order solutions with these boundary conditions, and with (5.31,5.32) are:
γrr = −A0 log(r/r0)
6r2
− A2
4r4
, δB =
A0
8r2
+
A2
2r4
,
s1 =
7A0
36r2
+
A2
3r4
, s2 =
13A0
144r2
+
5A2
12r4
, δΦ = −A0
6r2
+
13A2
12r4
, (5.33)
where we have only kept the leading log terms. Plugging these into (5.21), we find
A1 = −1
2
A0. (5.34)
Substituting the solutions (5.33) into the right hand side of (5.30) and going to next order,
we obtain
X = −A0 log(r/r0)− 1/4
2r3
− 5
24
A0L
4k2
log2(r/r0)
r5
+
A2
r5
, (5.35)
where we have again kept only leading logs. From this we see that in taking the usual IR
limit, we will need to choose
A2 ∼ A0L4k2 log2(k/Λ) = L8k4 log2(k/Λ)(γˆ − kµkν γˆµν
k2
). (5.36)
As in the previous section, the above considerations only allow us to determine the coeffi-
cient A2 up to a constant factor.
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To complete the calculation of the EM tensor 2-point function, we now have to sub-
stitute the above solutions into the SUGRA action. We only need to be concerned with
the gravitational part of the action; this is because our boundary conditions stipulate that
all scalar fields (except γ and ϕ) approach 0 at r→∞, so all contributions to the 2-point
function from nongravitational parts of the action will vanish. The quadratic gravitational
action is (see e.g. [25]):
S ∼ 1
κ2
∫
d4xdr
√
g(DKhMND
KhMN − 2DMhKNDKhMN + 2DNh KK −DMh KK DMh NN )(5.37)
Integrating by parts in the usual way, and using eqs. (5.6,5.11,5.18), this becomes
S ∼ 1
κ2
∫
r=∞
d4x r5γ¯µν∂rγ¯µν + (4
3
∂ρ∂σγˆρσ − 1
3
γˆ)∂rϕ− γˆ∂r(2γrr + s) (5.38)
Substituting eqs. (5.20,5.33,5.35,5.36) the terms conspire to add to a transverse momentum
space 2-point function
〈Tµν(k)Tρσ(−k)〉 = δ
2S
δγˆµνδγˆρσ
∼ g2sM4k4πµνρσ(k) log3(k/Λ) + Cπµν(k)πρσ(k) log2(k/Λ),(5.39)
where the projectors πµν and πµνρσ have been defined in eqs. (4.4,5.2) and we are unable
to determine the numerical value of the constant C. Note that by multiplying eq. (5.39)
by δµνδρσ, we find
〈T µµ (k)T µµ (−k)〉 ∼ g2sM4k4 log2(k/Λ). (5.40)
Thus the leading order logarithmic behavior of the 2-point function of the trace anomaly
scalar T µµ is different from that of the minimal massless scalar discussed in section 3, but
the same as that of the R-anomaly scalar ∂ · JR discussed in the previous section (see eq.
(4.73)).
6. Discussion
Let us restate our main results. To leading order at high energies, we find the following
momentum space 2-point functions for the R-current and the energy-momentum tensor:
〈JRµ (k)JRν (−k)〉 = g2sM4k2A0πµν(k) log3(k/Λ) +B0 kµkνk2 log2(k/Λ), (6.1)
〈Tµν(k)Tρσ(−k)〉 = g2sM4k4C0πµνρσ(k) log3(k/Λ) +D0πµν(k)πρσ(k) log2(k/Λ),(6.2)
where A0, B0, C0,D0 are k-independent constants. The most general structure of the cor-
relators allowed by the symmetries is
〈JRµ (k)JRν (−k)〉 = A(k2)πµν(k) +B(k2)
kµkν
k2
, (6.3)
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〈Tµν(k)Tρσ(−k)〉 = C(k2)πµνρσ(k) +D(k2)πµν(k)πρσ(k), (6.4)
where A,B,C,D are k-dependent form factors. The presence of nonzero form factors B and
D indicates, respectively, the anomalous breaking of R and conformal symmetries. Indeed,
the longitudinal part of the 〈JJ〉 correlator should be proportional to the R-symmetry
anomaly ∂µJµ, and the trace part of the 〈TT 〉 correlator should be proportional to the
trace anomaly T µµ . Moreover, supersymmetric Ward identities are expected to relate A
to C and B to D [18]. From the functional form of the form factors in eqs.(6.1,6.2) (the
identical powers of the leading order logarithm in A and C and in B and D), it seems
plausible that these identities are indeed satisfied. This provides a qualitative check on our
results. Note that although the 〈JJ〉 and 〈TT 〉 correlators are related to each other by
Ward identities, the sectors of SUGRA fluctuations that are dual to them are completely
decoupled from each other; there is no interaction between the modes considered in section
4 and those in section 5. In this, the KT background is similar to AdS, and markedly
different from the RG flows studied in refs. [15, 17, 18]. The reason for this is unbroken
chiral symmetry. In the above papers, it is the breaking of chiral symmetry, which is an
IR phenomenon, that mixes the T and J modes. If we were interested in the IR behavior
of the same correlators in the full KS background, and not only in its UV limit – the
KT background – we would encounter the same kind of mixing. Unlike the RG flows
backgrounds, we see little hope of obtaining analytic results in the KS background.
In all the 2-point functions we have computed, we encounter at leading order loga-
rithmic factors of the form logn(k), where n is a positive integer (an exponent of n in
momentum space translates to an exponent of n−1 in position space). From the way these
logarithms arise in the UV solutions to the fluctuation equations, it is easy to see that in
general, the larger the dimension of the field theory operator O whose 2-point function
〈OO〉 we are calculating, the more times we need to iterate the UV expansion, and since
in each iteration we effectively pick up a factor of gsM log(k), the higher the power of
the logarithm that will appear in the 2-point function. The interpretation of these log-
arithms from the field theory point of view is somewhat mysterious. On the one hand,
the SU(N +M) × SU(M) gauge theory has a nontrivial beta function, with the relative
coupling flowing as
1
g21
− 1
g22
∼M log(µ), (6.5)
where µ is the energy scale; the Yang-Mills coupling 1/gs ∼ 1/g21+1/g22 remains constant in
the supergravity approximation [9]. Thus a perturbative expansion in the coupling would
be an expansion in inverse powers of the logarithm, but it is difficult to see how it could give
rise to the large positive powers expected to appear for operators of large dimension. It is
tempting to speculate that the logarithmic growth of the correlators is a manifestation of a
logarithmic growth with scale of the effective number of degrees of freedom in the theory.
Indeed, as noted above, the logarithms always appear in the combination M log(k) which
perhaps somehow represents the “effective number of colors” in the UV. Some support
for this is provided by the fact that when the finite temperature theory is considered, one
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finds an entropy that grows logarithmically with scale [26]. It would be interesting to better
understand the field theory origin of these logarithmic factors.
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